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In this work, an explicit formula is deduced for identifying the orbital angular moment (OAM)
of vectorial vortex with space-variant state of polarization (SOP). Different to scalar vortex, the
OAM of vectorial vortex can be attributed to two parts: the azimuthal gradient of Pancharatnam
phase and the product of the azimuthal gradient of orientation angle of SOP and relevant solid
angle on the Poincare´ sphere. With our formula, a geometrical description for OAM of light beams
can be achieved under the framework of the traditional Poincare´ sphere. Numerical simulations for
two types of vectorial vortices have been carried on to confirm our presented formula and demon-
strate the geometrical description of OAM. Furthermore, the finding will pave the way for precise
characterization of OAM charge of vectorial vortices.
I. INTRODUCTION
It is well known that light carries both linear and an-
gular momenta while the angular momenta (AM) can
be divided into spin angular momentum (SAM) and or-
bital angular momentum (OAM) [1–3]. Generally, in
the paraxial approximation, it is believed that SAM and
OAM are associated with polarization and spatial profile
of the light fields, respectively [4]. As explicated by Allen
et al. in 1992 [5], a scalar vortex field with wavefront of
exp(−ilφ) holds discrete OAM of l~ per photon, where l
is the topological charge. Thus, for scalar vortices, the
topological charge is directly related to the OAM of light
beam. However, for vectorial vortex fields, even in the
paraxial approximation, only the helical wavefront is in-
sufficient to characterize OAM just by utilizing topolog-
ical charge while the state of polarization (SOP) of light
field should also be taken into account [6, 7]. As demon-
strated by Wang et al. in 2010 [8], besides the azimuthal
phase gradient, the OAM also can be generated from
the curl of polarization in a vectorial vortex field. Mean-
while, Hasman et al. declared that there is a link between
OAM and geometric phase induced by space-variant SOP
of light fields [9–11]. But so far, the explicit relation be-
tween OAM and phase distribution in vectorial vortex
fields is still veiled.
In this work, we found that, for vectorial vortex, the
OAM can be attributed to two parts: the azimuthal gra-
dient of Pancharatnam phase and the product of the az-
imuthal gradient of orientation angle of SOP and the re-
lated solid angle on the Poincare´ sphere. Numerical sim-
ulations have been carried on vectorial vertices generated
by superposition of two scalar vortex fields and phased
array antenna, and both of them have confirmed such
relation. Further, since our deduced formula of OAM
charge is expressed with normal Stokes parameters, the
traditional Poincare´ sphere can be utilized to fully char-
acterize both the SAM and OAM. It indicates that geo-
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metrical description and characterization of OAM can be
achieved by adopting the basic Poincare´ sphere, which is
different to the previous reports based on multiple high-
order Poincare´ spheres [12–14]. On the other hand, as
measuring Stokes parameters is a standard measurement
of polarization state, it can be expected that such formula
could provide an effective and accurate method for iden-
tifying the OAM charge, which is very urgent in practical
application of OAM beams [15–20]. Meanwhile, because
of the explicit expression between OAM and SOP, we be-
lieve that this work would provide a new sight of studies
on the vectorial vortices, spin-orbit interaction, and such
related fields [21–26].
II. THEORETICAL DESCRIPTION
Under the paraxial approximation, the electric field
of a fully polarized vectorial vortex beam with angular
frequency ω propagating along z direction in free space
can be written as [27]
~E(x, y) = iω
(
αxˆ+ βyˆ +
i
k
(
∂α
∂x
+
∂β
∂y
)
zˆ
)
eikz, (1)
where α and β represent the complex amplitude of x−
and y−component of electric field, respectively. Obvi-
ously, such a vectorial vortex beam has space-variant
SOP and its z-component of angular momentum den-
sity can be calculated and divided into spin and orbital
parts in cylindrical coordinate system as
jspinz = iωε0r
∂
∂r
(α∗β − β∗α) , (2)
jorbitz = i
ωε0
2
(
α
∂
∂φ
α∗ + β
∂
∂φ
β∗ − α∗ ∂
∂φ
α− β∗ ∂
∂φ
β
)
,
(3)
As demonstrated in Ref. [12], an effective tool for
studying SOP of light is the Poincare´ sphere with Stokes
parameters. Here, Stokes parameters and the Poincare´
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2sphere are also introduced to deduce the relation be-
tween OAM and SOP. In equations (2) and (3), the
complex amplitudes of α and β can be written as
Ax(y)(x, y)e
−iδx(y)(x,y), where Ax(y) and δx(y) are ampli-
tude and phase (both are real numbers), respectively.
Then, the Stokes parameters would be defined as [28]
S0 = A˜
2
x + A˜
2
y
S1 = A˜
2
x − A˜2y
S2 = 2A˜xA˜y cos δs
S3 = 2A˜xA˜y sin δs
(4)
where A˜x(y) = Ax(y)/
√
IE are normalized to the electric
intensity of IE = A
2
x + A
2
y and δs = δy − δx is the phase
difference between x− and y−components. Then using
S1, S2, and S3 as the sphere’s Cartesian coordinates,
the Poincare´ sphere is constructed and its corresponding
orientation angle ψS of SOP on the Poincare´ sphere can
be resolved by
tan(2ψS) = S2/S1. (5)
With the ratio of angular momentum to energy exam-
ined by Allen [29], the average SAM charge and OAM
charge of a vortex beam can be calculated. The SAM
charge can be solved by calculating the SAM density
with S3, which directly represents the polarization de-
gree [28]. While for OAM charge, there is no explicit
connection with Stokes parameters. According to the fea-
ture of space-variant SOP in vectorial vortex fields, Pan-
charatnam phase is adopted to reveal the phase distri-
bution for a vectorial vortex beam as shown in Ref. [11].
The reason is that the Pancharatnam phase can well de-
scribe the phase difference of lights with different SOP
and the OAM is a quantity related to the phase distribu-
tion of lights. As described in Ref. [30], Pancharatnam
phase is defined as ψP = arg(〈ΦA | ΦB〉) between two
different SOPs of |ΦA〉 and |ΦB〉. Based on mode expan-
sion theory, any optical beam can be expanded by right
and left circularly polarized light, which are written as∣∣ΦR(L)〉 = (xˆ ± iyˆ)/√2. For the same reason, in the pa-
per, the right or the left circularly polarized field is set
as a reference field. Then the Pancharatnam phase of
the investigated vectorial vortex field |ΦE〉 = αxˆ + βyˆ
(defined by equation (1)) to the reference field is given
by
ψPR(L) = arg(
〈
ΦR(L) | ΦE
〉
). (6)
After some derivations (detailed in Appendix A), by
applying the orientation angle ψS of SOP on the Poincare´
sphere and the Pancharatnam phase ψPR(L) defined by
equations (5) and (6), the average OAM charge can be
resolved as
l =
∫∫
IE
(
−S0 ∂ψPR(L)∂φ ∓ (S0 ± S3)∂ψS∂φ
)
rdrdφ∫∫
IES0rdrdφ
. (7)
Figure 1. SOP distributions. Four vector beams with az-
imuthal variant state of polarization (SOP) generated with
equation (8) are shown in four row panels, corresponding to
(a-d). In each panel, different sketches of SOP trace on the
Poincare´ sphere marked by red line, SOP distribution in space
and snap picture of SOP are demonstrated in order. Associ-
ated parameters in equation (8) for field generation are (a)
{lL, lR} = {1, 3}, θ = 30◦, (b) {lL, lR} = {1, 3}, θ = 120◦,
(c) {lL, lR} = {−2, 1}, θ = 60◦, and (d) {lL, lR} = {−2, 1},
θ = 135◦, respectively.
In bracket of numerator of equation (7), the first term
is the derivative of spiral spatial phase, which is the
topological Pancharatnam charge similar to definition in
Ref. [11], and could be understood as the counterpart
of topological charge in scalar vortex fields. The second
term is related to the variation of SOP in space, which
could be analyzed with Poincare´ sphere. To illustrate the
physical interpretations and applicable scope of equation
(7), in the following section, two cases are demonstrated,
where vectorial vertices are generated by superposition
of two scalar vortex fields and phased array antenna.
III. SIMULATION RESULTS
Superposition of two scalar vortex fields. For gen-
eral vector beams, such as radially and azimuthally po-
larized light, the field can be generated according to [31]
|ΦE〉 = 1√
2
cos
(
θ
2
)
(xˆ− iyˆ)e−ilLφ
+
1√
2
sin
(
θ
2
)
(xˆ+ iyˆ)e−ilRφ, (8)
where θ is zenith angle in spherical coordinate (the
Poincare´ sphere), and the set {lL, lR} is topological
charge of field components with left and right circu-
lar polarization respectively. For a fully polarized light
(S0 = 1), there is a relation of ΩR(L) = 2pi(S0±S3), where
ΩR(L) is the solid angle formed by the swept surface area
of SOP revolving around the south (north) pole on the
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Figure 2. Charges of vector beams generated by su-
perposition of scalar vortices. The calculated OAM
charge for the vector beams generated with equation (8) of
{lL, lR} = {1, 3} and {−2, 1} at different zenith angle in
spherical coordinate (the Poincare´ sphere). Green dots of
OAM charges are calculated with our formula, which are cor-
responding to cases shown in Fig. 1(a-d), respectively. Solid
lines are calculated by mode expansion method according to
equation (8).
Poincare´ sphere. Thus, equation (7) can be rewritten as
l =
∫∫ (−∂ψPR(L)∂φ ∓ ∂ψS∂φ ΩR(L)2pi ) rdrdφ∫∫
rdrdφ
. (9)
With field expression in equation (8), azimuthal gradi-
ents of the Pancharatnam phase and the orientation an-
gle could be analytically expressed as (see Appendix B)
∂ψPR(L)
∂φ
= −lR(L), (10)
∂ψS
∂φ
= − lL − lR
2
. (11)
Thus, substituting equations (10) and (11) into equa-
tion (9), the OAM charge then read
l = lR(L) ± (lL − lR)
2
ΩR(L)
2pi
. (12)
In the right side of equation (12), the first term corre-
sponds to the topological Pancharatnam charge (lTPC),
which is referenced to right or left circularly polarized
field and just equal to lR(L) in this case. The second
term is the SOP-related charge, which is the product of
the azimuthal gradient of orientation angle of SOP and
the related solid angle on the Poincare´ sphere. For more
clarity, some simulations have been carried on four fields
generated with equation (8) and the results are shown in
Fig. 1.
Figure 1(a-d) are the calculated results while the pa-
rameters are set as {lL, lR} = {1, 3} with θ = 30◦, 120◦
and {lL, lR} = {−2, 1} with θ = 60◦, 135◦. For each
row panel, there are three parts in order: SOP trace on
(a) (b)
(c) (d)
Figure 3. Vectorial vortices generated with PAA. (a)
Schematic of the considered phased array antenna (PAA),
which consists of 16 units. Each unit emits linearly polar-
ized Gaussian beam and the polarization direction and initial
phase can be set. With PAA, varied vectorial vortex beams
can be generated, (b) state of polarization (SOP) makes two
revolutions at latitude on the Poincare´ sphere (radially polar-
ized vectorial beam), (c) SOP makes one revolution (L-line
vortex), and (d) SOP makes half revolution.
Poincare´ sphere marked by red line, SOP distribution in
space, and a SOP snap in space. In Fig. 2, calculated re-
sults of OAM charges are shown as the green dots, which
are calculated by equation (12) for the four cases shown
in Fig. 1(a-d). For comparison, the OAM charges are
also calculated by mode expansion method according to
equation (8) and shown as solid lines in Fig. 2. For the
cases shown in Fig. 1(a) and 1(b), the left circularly po-
larized fields (north pole on the Poincare´ sphere) is se-
lected as the reference field and swept surface areas are
also shown with yellow zone. While for Fig. 1(c) and
1(d), right circularly polarized field (south pole on the
Poincare´ sphere) is selected as the reference. In Fig. 2, all
the calculated results with our formula are in good agree-
ment with those calculated by mode expansion method.
From the results shown in Figs. 1 and 2, a clear relation
of OAM charge versus the Pancharatnam phase, orien-
tation angle of SOP, and the related solid angle on the
Poincare´ sphere is presented. Furthermore, with our for-
mula, a geometrical description of OAM can be obtained
by utilizing a basic Poincare´ sphere, as shown in Fig. 1.
Phased array antenna. Recently, more and more at-
tentions have been focused on the generation of OAM
beams with phased array antenna (PAA) in RF, mi-
crowave, and lightwave region [32–35]. To model such
process, some simulations are also carried on an annular
PAA with antenna unit of linearly polarized Gaussian
beam as schematically shown in Fig. 3(a). In the simula-
tions, the optical communication wavelength of 1550 nm
is adopted. For each Gaussian beam, the waist size is
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Figure 4. Charges of vectorial vortices generated by PAA. Calculated angular momentum (AM) charges of (a) the
vortex beam shown in Fig. 3(b) at different feeding phase of two different PAA radius of 10 and 30 µm, and (b) the vortex
beam shown in Fig. 3(c) and 3(d) at different feeding phase of fixed PAA radius of 20 µm. In the figures, lines are calculated by
Barnett’s method and symbols are calculated by our formula for OAM and Stoke parameter of S3 for SAM. Right-side insets
also show the corresponding SOP distribution at feed phase of 2pi.
8 µm and polarization direction is azimuthal-dependent.
The unit number is 16 and radius (R) of annular PAA,
which is defined by the distance between the PAA cen-
ter and each unit center as marked in Fig. 3(a), can be
adjusted. These parameters ensure that the generated
beam satisfies the paraxial approximation, thus Barnett’s
method [3] can be utilized as a reference with the re-
sults calculated by equation (7). As demonstrated in
Ref. [33], the AM charges of the generated beam can be
tuned by varying the phase difference between adjacent
units. In our simulation, the adjacent phase differences
are uniform and the whole feeding phase of a circle (ΦF)
is used to describe the setting phase of PAA. With such
a structure, various vortex beams can be generated, such
as radially or azimuthally polarized vector beams, L-line
vortex beams [36], and so on.
Figure 3(b) shows a radially polarized vectorial beam,
where SOP makes two revolutions at latitude on the
Poincare´ sphere for a circle in the space. Correspond-
ing AM charges are calculated by both Barnett’s method
and our formula, which are shown as lines and dots in
Fig. 4(a), respectively. Two cases with different PAA
radius of 10 and 30 µm are also considered under the
varied feeding phase, both methods give consistent OAM
charge. Furthermore, Fig. 3(c) and 3(d) display another
two types of vortex beams, where SOP makes one and
half revolution at latitude on the Poincare´ sphere for a
circle in the space, respectively. For a fixed PAA radius
of 20 µm, the OAM charges at different feeding phase
are also calculated and presented in Fig. 4(b), and again,
they are also in a very good agreement. These results
indicate that the calculations for OAM charge with equa-
tion (7) can be applied on not only general vector beams
but also complex vortex beams under the paraxial ap-
proximation, which can be explained by the principle of
superposition with basis beams [37].
IV. DISCUSSION
It should be noticed that, for most general vector beam
shown in Fig. 3(b), the feeding phase are transferred to
both OAM and SAM (see Fig. 4(a)), which is quite differ-
ent to the scalar vortex beam. For a scalar vortex beam,
the feeding phase ΦF would be fully transferred to OAM.
Even for the cases of ΦF = 2Npi (N is any integer num-
ber), the number of N will be the value of total angular
momentum (TAM) charge of generated beam, while not
the OAM charge (recently, a similar report was presented
in Ref. [38]). The reason is that some feeding phase
is transferred to SAM in the central zone of vortex as
shown with magenta circle in right-side inset of Fig. 4(a)
and meanwhile the reduction of solid angle of swept area
on Poincare´ sphere would suppress the transformation of
OAM from feeding phase. Fortunately, through a care-
fully designed PAA, the proportion of OAM charge can
be varied by reducing power proportion of field around
vortex center. For the same reason of partial OAM in-
duced by azimuthal gradient of SOP-related phase, the
detection of OAM charge will be different with that for
scalar vortex by only detecting phase angle of wavefront.
Thus, to characterize OAM charge of vectorial vortices,
new method is required. Here, we predict that such de-
tection can be achieved by traditional measurement of
Stokes parameters according to equation (7).
In equation (7), we introduce a reference field to cal-
culate the OAM charge of vortices. In this paper, only
special reference field, SOP of right- or left-handed cir-
cular polarization, was adopted. However, this does not
mean that a general reference field would induce an incor-
5rect calculation result of OAM charge. To demonstrate
this fact, a series of simulation were carried out to make
a contrast, which is explained in detail in Appendix C.
Although the selection of reference field do not affect the
result of OAM charge, right or left circularly polarized
field is a normal choice in the measurement of Stokes
parameters and can be induced a simple and elegant ex-
pression of OAM charge as equation (7).
In summary, for paraxial vectorial vortex beams prop-
agating in free space, it is deduced that the OAM charge
is not only related with the topological Pancharatnam
charge but also the SOP-related charge induced by space-
variant state of polarization (SOP). Based on such a con-
nection, OAM also can be fully represented by the fun-
damental Poincare´ sphere. And we predict that the de-
tection of OAM charge can be achieved by testing Stokes
parameters, which is a standard test of polarization mea-
surement for antennas. Moreover, because of the explicit
relation with SOP, we believe that this work would give
some new insights for studies on vectorial vortices, spin-
orbit interaction, photonic topological insulators, and so
on.
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6APPENDIX A: RELATION OF ORBITAL ANGULAR MOMENTUM, PANCHARATNAM PHASE, AND
STOKES PARAMETERS
Under the paraxial approximation, the electric and magnetic fields of a fully polarized vectorial vortex beam of
angular frequency ω propagating along z direction can be written as [27]
~E (x, y) = iω
(
αxˆ+ βyˆ +
i
k
(
∂α
∂x
+
∂β
∂y
)
zˆ
)
eikz, (A1a)
~B (x, y) = ik
(
−βxˆ+ ayˆ + i
k
(
−∂β
∂x
+
∂α
∂y
)
zˆ
)
eikz, (A1b)
where α and β represent the complex amplitude of of x− and y−component of electric field. They can be written as
α(x, y) = Ax(x, y)e
−iδx(x,y), (A2a)
β(x, y) = Ay(x, y)e
−iδy(x,y), (A2b)
where Ax(y) and δx(y) are real numbers and represent amplitude and phase, respectively. Thus, Stokes parameters
are defined by [28]
S0(x, y) = A˜
2
x + A˜
2
y,
S1(x, y) = A˜
2
x − A˜2y,
S2(x, y) = 2A˜xA˜y cos δs,
S3(x, y) = 2A˜xA˜y sin δs
(A3)
where A˜x(y) = Ax(y)/
√
IE are normalized electric field components with electric intensity of IE = A
2
x + A
2
y and
δs = δy − δx the phase difference between x and y electric field components. Then using S1, S2, and S3 as the
sphere’s Cartesian coordinates, the Poincare´ sphere is constructed and the corresponding spherical angles (2ψS, 2χS)
are resolved by [28]
tan(2ψS) = S2/S1, (A4a)
sin(2χS) = S3/S0, (A4b)
The linear momentum density, which is defined as ~p = ε0 ~E × ~B, can be written and divided into transverse and
longitudinal components
~p⊥ = i
ωε0
2
[(α∇α∗ + β∇β∗ − α∗∇α− β∗∇β) + 2∇× ((α∗β − β∗α) zˆ)] , (A5a)
pz = ωkε0
(
|α|2 + |β|2
)
= ωkε0IES0. (A5b)
Meanwhile, the energy density of such a beam is
w = cpz = ε0ω
2
(
|α|2 + |β|2
)
= ε0ω
2IES0. (A6)
Then, the cross product of line momentum density with ~r (radius vector) gives the angular momentum density, and
z−component of angular momentum density is
jz = (~r × ~p)z = rpφ
= i
ωε0
2
[(
α
∂
∂φ
α∗ + β
∂
∂φ
β∗ − α∗ ∂
∂φ
α− β∗ ∂
∂φ
β
)
+ 2r
∂
∂r
(α∗β − β∗α)
]
.
(A7)
7Further, jz can be divided into spin and orbital parts as
jspinz = iωε0r
∂
∂r
(α∗β − β∗α) = ωε0r ∂ (IES3)
∂r
, (A8a)
jorbitz = i
ωε0
2
(
α
∂
∂φ
α∗ + β
∂
∂φ
β∗ − α∗ ∂
∂φ
α− β∗ ∂
∂φ
β
)
= ωε0IE
(
A˜2x
∂δx
∂φ
+ A˜2y
∂δy
∂φ
)
. (A8b)
With the ratio of angular momentum over energy that is examined by Allen [29], the average SAM charge and
OAM charge can be calculated as
s = ω
∫∫
jspinz rdrdφ∫∫
wrdrdφ
=
∫∫
IES3rdrdφ∫∫
IES0rdrdφ
, (A9a)
l = ω
∫∫
jorbitz rdrdφ∫∫
wrdrdφ
=
∫∫
IE
(
A˜2x
∂δx
∂φ + A˜
2
y
∂δy
∂φ
)
rdrdφ∫∫
IES0rdrdφ
. (A9b)
Then, introducing Pancharatnam phase for two different SOPs of |ΦA〉 and |ΦB〉, which is defined by [30]
ψP = arg (〈ΦA|ΦB〉) . (A10)
Here, using right or left circularly polarized field as reference field, the Pancharatnam phase of any field |ΦE〉 = αxˆ+βyˆ
can be written as
ψPR(L) = arg
(〈
ΦR(L)|ΦE
〉)
. (A11)
Then we can obtain
tanψPR(L) =
A˜y cos δy ± A˜x sin δx
A˜y sin δy ∓ A˜x cos δx
. (A12)
Further, we can deduce the azimuthal gradient of the Pancharatnam phase as
∂ψPR
∂φ
=
− cos δs
S0 − S3
(
A˜x
∂A˜y
∂φ
− A˜y ∂A˜x
∂φ
)
+
S3
2 (S0 − S3)
(
∂δx
∂φ
+
∂δy
∂φ
)
− 1
S0 − S3
(
A˜2x
∂δx
∂φ
+ A˜2y
∂δy
∂φ
)
, (A13a)
∂ψPL
∂φ
=
cos δs
S0 + S3
(
A˜x
∂A˜y
∂φ
− A˜y ∂A˜x
∂φ
)
− S3
2 (S0 + S3)
(
∂δx
∂φ
+
∂δy
∂φ
)
− 1
S0 + S3
(
A˜2x
∂δx
∂φ
+ A˜2y
∂δy
∂φ
)
. (A13b)
On the other hand, using equations (A4a) and (A3), we can obtain
∂ψS
∂φ
=
S0 cos δs
S20 − S23
(
A˜x
∂A˜y
∂φ
− A˜y ∂A˜x
∂φ
)
− S1S3
2 (S20 − S23)
(
∂δy
∂φ
− ∂δx
∂φ
)
. (A14)
With relation of
S0
(
∂δx
∂φ
+
∂δy
∂φ
)
− S1
(
∂δy
∂φ
− ∂δx
∂φ
)
= 2
(
A˜2x
∂δx
∂φ
+ A˜2y
∂δy
∂φ
)
and equations (A13a), (A13b), and (A14), the following equations are obtained
S0
∂ψPR
∂φ
= −(S0 + S3)∂ψS
∂φ
−
(
A˜2x
∂δx
∂φ
+ A˜2y
∂δy
∂φ
)
, (A15a)
S0
∂ψPL
∂φ
= (S0 − S3)∂ψS
∂φ
−
(
A˜2x
∂δx
∂φ
+ A˜2y
∂δy
∂φ
)
. (A15b)
8Through further derivation with equations (A15a) and (A15b), we can finally obtain
A˜2x
∂δx
∂φ
+ A˜2y
∂δy
∂φ
= −S0
∂ψPR(L)
∂φ
∓ (S0 ± S3)∂ψS
∂φ
. (A16)
Then, substituting equation (A16) into equation (A9b), we can solve the OAM charge. In equation (A16), the
first term is the derivative of ψPR(L) known as the topological Pancharatnam charge, and the second term is the
SOP-related charge.
APPENDIX B: OAM CHARGE OF VECTOR BEAMS GENERATED BY TWO SCALAR VORTEX
BEAMS
General vector beam can be generated by mode expansion as [31]
|ΦE〉 = 1√
2
cos
(
θ
2
)
(xˆ− iyˆ) e−ilLφ + 1√
2
sin
(
θ
2
)
(xˆ+ iyˆ) e−ilRφ−iϕ0 . (A17)
Thus, with equation (A11), we can obtain
∂ψPR(L)
∂φ
= −lR(L). (A18)
Further, the Stokes parameters can be deduced
S1 = sin θ cos (− (lL − lR)φ− ϕ0) ,
S2 = sin θ sin (− (lL − lR)φ− ϕ0) . (A19)
Thus, with equations (A4a) and (A3), we obtain
ψS = − ((lL − lR)φ+ ϕ0) /2. (A20)
Then,
∂ψS
∂φ
= − (lL − lR) /2. (A21)
Substituting equations (A18) and (A21) into equations (A9b) and (A16), the OAM charge can be written as
l = lR +
(lL − lR)
2
(1 + sin 2χS) = l
R
TPC +
(lL − lR)
2
ΩR
2pi
= lRTPC +
φRgO
pi
, (A22a)
l = lL − (lL − lR)
2
(1− sin 2χS) = lLTPC −
(lL − lR)
2
ΩL
2pi
= lLTPC −
φLgO
pi
. (A22b)
where l
R(L)
TPC = lR(L) is the topological Pancharatnam charge that is referenced to right (left) circularly polarized field,
ΩR(L) is the solid angle formed by the swept surface area of SOP revolving around the south (north) pole on the
Poincare´ sphere, and the φ
R(L)
gO is the equivalent SOP-related phase induced by space-variant SOP.
APPENDIX C: REFERENCE FIELD WITH GENERAL SOP
In the main text, the reference field was selected as right (left) circularly polarized field in order to induce an elegant
expression (see equation (7) in the main text) for calculating the OAM charge. But it does not mean that choice of
general reference fields would lead to any deviation. Here, we provide the calculation process with simulation for the
case of using general reference field. For easy calculation, the selected reference field |ΦA〉 is located on the S2 − S3
plane, and rotates an angle of α relative to |ΦL〉 around S1 axis. Figure A1(a) and A1(b) illustrate coordinate systems
with the reference field of |ΦL〉 and |ΦA〉, respectively. In Fig. A1(a), the contracted 3D coordinate (red axes of
x− y − z) holding |ΦL〉 located at z direction coincide with coordinate of the Poincare´ sphere. Thus the investigated
vectorial vortex field |ΦE〉 in this coordinate can be expressed as (2ψS, 2χS). After coordinate transformation with
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Figure A1. (a) Coordinate of the Poincare´ sphere (blue axes) is represented by S1−S2−S3. Coordinate (red axes), represented
by x − y − z and used in the calculations, is contracted with reference field |ΦL〉 located at z direction. Any studied field
|ΦE〉 can be expressed as (2ψS, 2χS) in the coordinate of x − y − z. (b) Rotated coordinate (magenta axes), represented by
x′ − y′ − z′ and used in the calculations, is contracted with reference field |ΦA〉 located at z direction. Any studied field |ΦE〉
can be expressed as (2ψ′S, 2χ
′
S). (c) The field is simulated in (d-k). (d) and (e) SOP trace on the Poincare´ sphere, the yellow
surface area corresponds to solid angle of considered SOP marked by green arrow in calculation with reference |ΦL〉 and |ΦA〉,
respectively. (f-h) Calculated three parts in equation (A23). (i-k) Calculated three parts in equation (A24).
assuming the new reference |ΦA〉 located at direction, as shown in Fig. A1(b), |ΦE〉 in the new contracted 3D
coordinate (magenta axes of x′ − y′ − z′) can be expressed as (2ψ′S, 2χ′S).
Firstly, we consider the calculation of OAM charge with reference |ΦL〉, combining equations (A18), (A21), (A22b),
and (A9b), we rewrite the OAM charge with the reference field |ΦL〉, it reads
l =
∫∫
IE
(
−∂ψPL∂φ + ∂ψS∂φ ΩL2pi
)
rdrdφ∫∫
IES0rdrdφ
. (A23)
In equation (A23), there are three parts in numerator: azimuthal gradient of Pancharatnam phase (−∂ψPL/∂φ),
azimuthal gradient of SOP-related phase (∂ψS/∂φ), and the relevant solid angle (ΩL/2pi), which is formed by the
swept surface area of SOP revolving around the |ΦL〉 on the Poincare´ sphere. With similar method, the calculation
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equation of OAM charge under reference field |ΦA〉 can be written as
l =
∫∫
IE
(
−∂ψPA∂φ + ∂ψ
′
S
∂φ
Ω′A
2pi
)
rdrdφ∫∫
IES0rdrdφ
. (A24)
where ψPA = 〈ΦA |ΦE〉 is Pancharatnam phase referenced to |ΦA〉, ψ′S is the angle under new coordinate (see Fig.
A1(b)), and Ω′A is solid angle of SOP swept area around new reference |ΦA〉.
In order to verify the correctness of the equation (A24), simulations are carried out. Here, we consider the field
shown in Fig. A1(c) (the same field shown in Fig. 1(a) in main text), and calculate the OAM charge with reference
fields of |ΦL〉 and |ΦA〉, respectively. Figures A1(f-h) show the calculated three parts in equation (A23) with reference
|ΦL〉, while Figs. A1(i-k) show the calculated three parts in equation (A24) with reference |ΦA〉. In particular, the
surface areas of solid angle are illustrated Figs. A1(d, e) for a typical SOP, which is also marked in Figs. A1(d, e, h, k)
with green arrows. Although each of three parts is different, the calculated OAM charges of the light beam are equal
with two reference fields. From the above simulations, we believe that OAM charge can be calculated by adopting any
reference fields. However, with reference field of right- or left-handed circular polarization, an elegant form (equation
(7) in main text) could be obtained. Moreover, right- or left-handed circular polarization is the natural choice to
measure Stokes parameters. Thus, the reference field of right- or left-handed circular polarization is adopted in the
main text.
